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Abstract
Bose–Einstein condensation (BEC) of a finite number of noninteracting bosons
confined in a finite-size container is investigated by using numerical calculation.
It is revealed that the characteristics of finite-size BEC are significantly different
from those for the system satisfying the condition of thermodynamic limit,
and some well-known conclusions about BEC described in textbooks are not
valid for a finite-size Bose system. This paper may be helpful for the further
understanding of the concept of BEC and thermostatistics in small systems. It
is suitable for readers including undergraduate and graduate students, general
physicists and so on.
1. Introduction
Bose–Einstein condensation (BEC) of an ideal Bose gas confined in a certain volume has
been extensively studied in textbooks [1, 2]. Most of the investigations are carried out under
the so-called thermodynamic limit. The key statistical problem in the investigations of BEC
is to calculate the sum over all possible states. This is conventionally done by replacing
the sum over the states by the integral over the phase space. The treatment is valid for the
systems satisfying the condition of thermodynamic limit but may cause noticeable deviations
for systems with small scales. A more precise solution to the problem is to find the sum by
means of mathematical tools, such as the Weyl asymptotic expansion [3], Euler–MacLaurin
formula [4, 5] and Poisson summation formula [6], or by converting the sum into an integral
by using a more precise expression of density of states [7]. These treatments, however, are
still approximate approaches and may ignore some important information concerning the
characteristics of BEC of a finite-size system.
In this paper, we will use the exact numerical calculation to investigate the characteristics
of BEC of an ideal Bose gas confined in a finite-size rectangle container. This paper is
organized as follows. In section 2, we briefly describe the numerical calculating method for
the ground-state fraction and heat capacity, the two important parameters related to BEC. In
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section 3, based on the numerical results, we discuss the characteristics of the finite-size BEC,
including the effects of the size and shape of the container, boundary condition and spatial
dimensionality on the properties of BEC. Some important conclusions are summarized in
section 4.
2. Calculation of the ground-state fraction and heat capacity
We consider an ideal Bose gas confined in a D-dimensional rectangle container with the energy









where ni = 1, 2, 3, . . . for the Dirichlet boundary condition (b.c.) and ni = 0, 1, 2, . . . for
the Neumann b.c., m is the mass of a particle, h is Planck’s constant and Li (i = 1, 2,. . ., D) is
the ith side length of the container. By using equation (1), the grand partition function  can
be expressed as
















where β = 1/kBT , kB is Boltzmann’s constant, T is the temperature of the system,
z = exp(βμ) is the fugacity, μ is the chemical potential and the spin degeneracy is assumed
to be a unit for simplicity.









































[θ(jxi) ∓ 1], (3)
where xi = [λ/(2Li)]2, λ = h/
√
2πmkBT , θ(t) =
∑∞
n=−∞ exp(−πtn2) is the Jacobi-theta
function [4], ‘−’ is for Dirichlet b.c. and ‘+’ is for Neumann b.c. According to equation (3),














[θ(jxi) ∓ 1]. (4)

















z−1 − 1 , Neumann b.c..
(5)
According to equations (4) and (5), the ground-state fractions are generally different for
different boundary conditions. It may be found through further analysis (see the appendix)
that z
∏D
i=1 exp(−πxi) for Dirichlet b.c. is greater than z for Neumann b.c., so that it can be
anticipated that the ground-state fraction in the case of Dirichlet b.c. is larger than that in the
case of Neumann b.c.
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. By using equations (4) and (6), the heat capacity at constant
























































































[θ(jxi) ∓ 1]. (7e)




as the scale of temperature, where l̄ = (V/N)1/D is the average distance of particles and















For the system of given dimensionality D, total particle number N and ratios of side lengths
of the container, the fugacity z as a function of scaled temperature T/T0 can be calculated
by numerically solving equation (4), and consequently, the ground-state fraction and heat
capacity varying with T/T0 can be calculated by equations (5) and (7a)–(7e), respectively.
Using the above equations and calculative results, we can plot the curves of the ground-
state fraction N0/N and heat capacity CLi /NkB varying with the scaled temperature T/T0 for
different conditions, as shown in figures 1–4, respectively.
146 G Su and J Chen



































Figure 1. The curves of the ground-state fraction N0/N and heat capacity at constant side lengths
CLi /NkB varying with the scaled temperature T/T0 for systems with the same particle density but
different total number of particles, whereD = 3, L1 = L2 = L3, and Dirichlet b.c. are chosen.
Tm is the temperature at the maximum heat capacity.


































































Figure 2. The curves of the ground-state fraction N0/N and heat capacity at constant side lengths
CLi /NkB varying with the scaled temperature T/T0 for systems with the same particle density
and volume but different ratios of side lengths of the containers, where D = 3, N = 5000 and
Dirichlet b.c. are chosen.
3. Discussion
3.1. Characteristics of BEC of a finite-size system
Figure 1 shows the N0/N ∼ T/T0 and CLi /NkB ∼ T/T0 curves for systems with the same
particle density but different volumes (and hence different total number of particles). It is seen
that for the system satisfying the condition of thermodynamic limit (N = inf.), BEC appears
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Figure 3. The curves of the ground-state fraction N0/N and heat capacity at constant side lengths
CLi /NkB varying with the scaled temperature T/T0 for different boundary conditions, where
D = 3, L1 = L2 = L3 and N = 5000 are chosen.





























Figure 4. The curves of the ground-state fraction N0/N and heat capacity at constant side lengths
CLi /NkB varying with the scaled temperature T/T0 for different dimensional systems with the
same single-dimensional particle number N1 ≡ N1/D and single-dimensional particle density
ρ1 ≡ (N/V )1/D , where L1 = L2 = · · · = LD, N1 = 100 and Dirichlet b.c. are chosen.
where ζ(l) = ∑∞j=1 1/j l is the Riemann-zeta function [4]. For the systems with a finite
number of particles (N = 1000 and N = 10 000), however, both the N0/N ∼ T/T0 and
CLi /NkB ∼ T/T0 curves are continuous and smooth, and BEC seems to be a gradual changing
process with no definite critical temperature. In comparison with the critical temperature TC
under the thermodynamic limit, one may introduce a parameter TON marking the onset of BEC
of a finite-size Bose system, which is defined as the temperature when |d2N0/dT 2| attains its
maximum. It can be found numerically that TON is about 1.26TC and 1.15TC for the systems
of N = 1000 and N = 10 000, respectively.
It is observed from figure 1(b) that the heat capacity has a maximum CLi, max at a certain
temperature Tm, which is found to be about 1.24TC and 1.14TC for the systems of N = 1000 and
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N = 10 000, respectively. It is found that TON and Tm are approximately equal to each other
but both are different from the critical temperature TC of the system satisfying the condition
of thermodynamic limit.
3.2. Effects of the size of the container
It can also be found from figure 1 that the properties of BEC are dependent on the size of
the container. For systems with the same density of particles, the ground-state fraction N0/N,
the maximal heat capacity CLi, max and the corresponding temperature Tm increase as the total
number of particles or the size of the container is decreased.
3.3. Effects of the boundary shape
Figure 2 shows the N0/N ∼ T/T0 and CLi /NkB ∼ T/T0 curves of the systems with the same
particle density and volume but different ratios of side lengths of the containers. It is thus
obvious that the effects of the shape of the container cannot be ignored for a finite-size Bose
system. Of the systems confined in the containers with different ratios of side lengths, the one
in a cubic container has the largest ground-state fraction at a given temperature and the largest
extremum of the heat capacity.
3.4. Effects of the boundary condition
Figure 3 shows the N0/N ∼ T/T0 and CLi /NkB ∼ T/T0 curves for different boundary
conditions. It is found that the finite-size effects are different under different boundary
conditions. For example, the finite-size effects result in the increase of the ground-state
fractions at temperatures T  TON and the heat capacity at T = Tm in the case of Dirichlet
b.c., but the decrease of both in the case of Neumann b.c.
3.5. Effects of the spatial dimensionality
Figure 4 shows the N0/N ∼ T/T0 and CLi /NkB ∼ T/T0 curves of the systems with
the same single-dimensional particle number N1 ≡ N1/D and single-dimensional particle
density ρ1 ≡ (N/V )1/D but different spatial dimensionalities. It is well known that, for
the nonrelativistic Bose system satisfying the condition of thermodynamic limit, BEC can
only occur in a free space with dimensionality D  3 [8]. However, one can find from
figure 4(a) that BEC can occur at a nonzero temperature in one- or two-dimensional Bose
systems confined in finite-size containers. The result is in accordance with that obtained in
[6], where the total number of particles and ground-state fraction for a one-dimensional ideal
Bose system are given analytically by using the Poisson summation formula.
It is shown in figure 4(b) that the characteristic of the heat capacity varying with
temperature is different for different spatial dimensionalities. For example, CLi /NkB has
a maximum at a certain temperature for D = 3 but increases monotonically with temperature
for D = 1 and D = 2.
4. Conclusions
To sum up, the characteristics of BEC of a finite-size Bose system are different from those of
a Bose system satisfying the condition of thermodynamic limit in several aspects. It is found
that the finite-size BEC appears to be a continuous and smooth transition and there does not
exist a definite critical temperature. The characteristics of BEC can be significantly affected
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by the geometric configuration of the container and the boundary condition. Unlike the Bose
system satisfying the condition of thermodynamic limit, the finite-size BEC can occur in one-
or two-dimensional Bose systems confined in a finite-size container.
In this paper, we study only the finite-size effects in a homogeneous noninteracting Bose
gas for the sake of simplicity. In practice, the bosons are often trapped in a spatially varying
potential and there exists interaction between bosons. In spite of the difference of the systems
under consideration, the characteristics of finite-size effects are common in some aspects
[9, 10]. The results obtained here will be helpful for the further understanding of the BEC
properties of nonhomogeneous and/or interacting finite-size Bose systems.
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Appendix
According to equation (4), the fugacity is dependent on the boundary conditions so that it may
be marked as zD for Dirichlet b.c. and zN for Neumann b.c. Setting z′D = zD
∏D
i=1 exp(−πxi),
















































































[θ(jxi) + 1]. (A.1)











[θ(jxi) + 1], (A.2)
one can find that z′D = zD
∏D
i=1 exp(−πxi) > zN.
References
[1] Huang K 1963 Statistical Mechanics (New York: Wiley)
[2] Pathria R K 1972 Statistical Mechanics (Oxford: Pergamon)
[3] Dai W and Xie M 2003 Quantum statistics of ideal gases in confined space Phys. Lett. A 311 340–6
[4] Abramowitz M and Stegun C A 1972 Handbook of Mathematical Functions with Formulas, Graphs, and
Mathematical Tables (New York: Dover)
[5] Haugerud H, Haugset T and Ravndal F 1997 A more accurate analysis of Bose–Einstein condensation in
harmonic traps Phys. Lett. A 225 18–22
150 G Su and J Chen
[6] Pathria R K 1998 An ideal quantum gas in a finite-sized container Am. J. Phys. 66 1080–5
[7] Grossmann S and Holthaus M 1995 Bose–Einstein condensation in a cavity Z. Phys. B 97 319–26
[8] Aguilera-Navarro V C, de Llano M and Solı̀s M A 1999 Bose–Einstein condensation for general dispersion
relations Eur. J. Phys. 20 177–82
[9] Ligare M 1998 Numerical analysis of Bose–Einstein condensation in a three-dimensional harmonic oscillator
potential Am. J. Phys. 66 185–90
[10] Ketterle W and Van Druten N J 1996 Bose–Einstein condensation of a finite number of particles trapped in one
or three dimensions Phys. Rev. A 54 656–60
